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F. Lazzeri

Introduction.
1. Léet X be & "space" and (X,) a "continuous
¥ tem
family of subgspaces of X " ; in general that means that

one has a "total space" X , a "moduli (or parameter)
space" T and morphisms ¥ 5 o1 ’ ¥ 45 x where the

femily (Xt) is the family of the fibres (n~1(t))
t€T

cf 7w eand for each t € T , the restriction of ¢ to X

teT

t

is an embedding of Xt in X . Obviously the meaning of
the words subspace, fibre, embedding has to be specified
depending on the geometric context (algebréic or analytic
geometry, differential tcpolcgy ete...) in which one is
working. What happens in general is that there exists a
closed subset O of T (the "discriminent locus") s.th.
locally on - T - A , T can be viewed ag the projection
map of a product space; in particular on each connected
component of T - A , the fibres X, are equivalent to

each other.

Similarly one can consider the continuous family

(Xt)taa (instead of (Xt)teT ) and one finds as before a
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closed subset | of O s by repeating this process one
tries to stratify the map = and tc classify (i.e..to
describe) the fibres of = , i.e. the elements of ths
continuvous fa;mily .

Alternatively instead of attemp‘biﬁg to stratify the

family as above, one can examine the family (X+)
v

teT-A
more closely. Fix t, € T ~A and associate to each lcoy
X in T - FAY with base point t, @ continuous family
(XS)S e s parametrized by the circle S1 k; by asscciating

to such a family some (in general topological) invariant

that depends only on the element represented by Y in

)t

Ty (r -4, to) one obtains a representation of n1(T-A,’co

this kind of representation goes under the general heading
of "monodromy"
We shall describe now some examples to clarify this
discussion.
a) The family of hypersufaces of degree d in B, -
Let A denote the vector space of homogeneous
polynomials of degree d in n+1 variables (over R or

€ ). To each f € A - {O} one can associate its locus of

zeros F(f) (a hypersurface of degree d ) in P® ; the
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family of these hypersurfaces can be seen as a "continuous
family" of subspace of Pn in the following way : first of
all remark that F(f) depends only on the "direction" of
f € A, so that the natural parameter space is not A —_{Of
but the set of straight lines through the origin in 4 ,
i.e. the projective space P(A) ; denote by F the image
of £eua-{of 4n P(4) . Define X =0 , T=p4),
X = {(x,f)e X P(A) l f(x) = Of ; the projections of the
product spaoe‘ Pn % P(A) onto its factors induce by
restriction to X' two maps X —=> T, %4> % . One can
give these spaces the appropriate structure (algebraic or
analytic or differentiable). In each case kf embeds every
fibre 7n7'(t) dnto X =[B_ . Now we shall distinguish two
cases:

a1) B, = Pn(w) . Tet ) = § x € X ln does not have
maximal rank at X § = {x €X ‘the fibre of = passing
through x has a singular point at xf and N==n()) =
=‘{t € T\ 7~ 1(t) has some singular point} . One can
show (by elimination theory) that /A is an algebraic
hypersurface in P(A) , and in fact it is the locus of

zeros of a homogeneous polynomial of degree (n+1).(d—1f.
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Now A\ has real codimension two in T , so that
T - A is connected . The fibres of n over T - A\ &re
exactly the non singular hypersurfaces of degree d in
an((C) ; in general (for example n =2 , d> 3 ) tnere is
no open set U din T - A such that the fibres (ﬂ“"‘(\t))teU
are isomorphic (algebraic_ally or complex analitically) to
each other. On the other hand, if one considers the
differentiable structure (or the real analytic one), since
n: X - n_1(A) — T -A is a proper morphism between
differentiable manifolds which has magcimal rank everywhere,.
by a standard theorem in differential topology, every point
to € T -A has an open neighbomrhocd U such that there
exists a diffeomorphism of =~1(U) with U x n"1(to) which
commutes with the projections on U . This implies that =
induces a fibre bundle over T - A with fibre =~ 1(% )
and structure group the group of diffeomorphism of n‘1(‘co)
onto itself. |

Now we consider the family of singular hypersurfaces, ,

(Xt)teA

show that A - F is connected and that each fibre X

. Let = {singular set of A} . Then one can

-b ’

t e AT has just one singular point, which is a generic
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2 2
guadratic point, i.e. given locally by z:_ X, = 0 . Again
1

4 in&uces a differentiable (or a real analytic) fibre
bundle over A\ - r where the fibre is a "space with
singularities“ . In the next step, taking [' = {singular
set of r"j one finds that - r~; is no longer
connected; nevertheless one has again a differentiable fibre
bundle. In this way one stratifies, step by step, the
family (Xt)teT but in general one cannot hope to get
local differentiable trivializations as in the first step.
For example let n =2 , d = 4 . Then the family of four
distinct lines through one point, contains a continuous set
of non isomorphic elements from the differentiable point of
view (in fact classified by the cross Ptatio ); what one can

ask for in general is only a topological trivialization.

Now we retburn to the fibre bundle induced by K over ™A,
If .one fixes an integer r > C , one can find a
representation o : m,(T-A,t,) —> hut Hr(Xto,‘Z) : as we
shall see this is intefesting only for r»r=n -~ 1. But it
is important to notice that this kind of monodromy
aséociated with this continuous family does not depend on

the map ¢ , i.e. it "forgets" the fact that the X, are
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subspaces of X . Another kind of monodromy which takes
care of this can be defined in the following way: let E

be the space of all differentiable subspaces in X

diffeomorphic to X, ; define a fundamental system of
Yo

neighbourhoods of a point E e'E by fixing a tubulor
neighbourhood U of E and a retraction (by geodesics
for some Riemanian metrix on X ) onfo E : the
neighbourhood of E is the set of gll E!' € £ cdntained
in U and such that thé restriction on E dinduces or
diffeomorphism of E with E' . Denote by L +the
connected component of Xto in b ; Then one obtains a

homomorphism J 7:1(T -4,%) ->7t1(-0-, X, ) . Obviously
.

Qi

contains much more information than o , but in gensral

Ql

is very difficult 4o deal with. We shall return to the

difference between o and o in example b) .

ag) B, = Pn(ﬁ) . If one makes an algebraic computation
by elimination theory one finds a discriminant polynomial
that is the same as in example a1), and whose locus of
zeros 1s not Just the set of critical values of the map
n: X =>X bpt a larger one (in fact it also contains all

the Fe P(4) such that Jxe€ Py(€) | £(x) = 0} has



- 11 -

F. Lazzeri

gingularities even though these may all have strictly
complex coordinates™ i.e. {x € Pn(ﬁ) l f(x) = 0 is non
singular )% .

Nevertheless A = {critical values of = % is a
‘semianalytic set in T , which in general disconnects T .
On each connected component of T - A , one has a
differentiable fibre bundle, the fibre in general being
different (possibly empty) over different components. One
can show that over the simple points of A , the fibre
Xt has exactly one singular point, which is a generic

r
quadratic point, i.e. of local equation 2 x2 = J_ xi

1 r+1
for some = .

For n=2, d =2, i.e. the case of real conics, one
has T T P, A has degree three and T - A has two
connected components Jf1 , , ~f12 ; over _(L1 the fibre
is empty , over -(1-2 the fibre is a circle. So
H1(xto, Z) ~ Z and the continuous family obtained by
"translating" the center of a circle along a stright line,
changes the orientation of the fibre. Thus one gets a

homomorphism ﬂ1m2,to) —> mut .M1(Xt°,z) = ;/ oy, "hich

is in fact an isomorphism.
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2. Germs of analytic spaces.

Let (X,x) be a gérm of an analytic space, i.e. an
analytic space X (with structure sheaf say Q)X ) with a
point x € X , where one is interested only in the behaviour
of X in an "arbitrary small neighbourhood" of x . One
knows that the germ (X,x) is completely determined by the

local ring (9 s in fact the category of analytic

X,x
spaces and analytic morphisms is equivalent (via the
contravariant functor (X,x)”‘ﬁ?(9X5X ) to the category of
T - analytic algebras (i.e. € - algebras which are
isomorphic with some quotient @{X1,...,XHL/E , where I
is an ideal in the convergent power series ring in n
variables C{x1,...,xn} ) and local homomorphisms.

The Zariski tangent space to (X,x) 'is defined as the
dual T(X,x) of the vector space (over € ) M/ 2 s
where M denotes the maximal ideal of LDX,x 3 its
dimension coincides with the minimal integer n such that

some neighbourhood of x in X can be embedded in [ ’

as one can see by the implicit function theorem. In fact let
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(X,x) be embedded in (&Y,0) and denote by I its
defining ideal in C{x,l, ""XN} 3 then the Zariski tangent
space to (X,x) can be identified with the set

{z et ) ar(z) =0 for a1l f e I}. If for some f €I ,
df is not identically zero on CN , that meané that f =0
is a smooth manifold of dimension N - 1 that contains X .

Here is another way to describe T(X,x) . Let T, be the

1
space associated to the analytic algebra C{tf/(tz) . T1 is
a unreduced space consisting of one point and can be
considered as the "first order neighbourhood" of O in §
or as a "point with a direction"

Let x %be a point in the analytic space X ; there is
a cénonicai‘ bijection between morphisms o : T1 —-» X s.th.
o(0) = x and local homomorphism o :wx,x —;w’.ﬁ =
= @{ﬁf/(tg) . Moreover every morphism T :(DX,X -—*G{t}/( t2)

induces a € - linear map T MAX x/ 5 --)[MT}/ ¢,
1
MA 2
X, X MT1

i.e. an element in T(X,x) ; it is easy to see that

T —» 7' is in fact a bijection so that T(X,x) can be

thought of as the set of all morphisms o : T1 ->» X s.th.

o(0) = x .
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If 9 (Z,x) = (Y,y) is an analytic morphism, to

each o : T, —> (X,x) one associates poc : T, - (Y,y);

1
the linear map 4 ¢ : T(X,x) = 1(Y,y) obtained in this way
is called the differential of ¥ .

| Let- P o X—>T be a morphism betwéen analytic
spaces, t € T . The set X = ¢ “1(t) nas a natural
structure of’an analytic space, defined in the following

way : for x € ‘f’%t) define I_ as the ideal in O

X,x
. * *

1 N : (9 (D i
generated by ‘f’x( T,t) where Qfx Sy — T,z i°
the local homomorphism induced by T s for x € X - Xt

. = © .
define IX X,x ° The collection of all the IX forms
a coherent ideal sheaf in L{JX defining on Xt the

structure of an analytic space, which will be called the
fibre of ﬁf over t . In general, even if X and T are

reduced, the fibre Xt may not be reduced.

Remark that if ¢ (X,x) —» (T,t) 4is a morphism

between germs, then only the fibre X, over + can be

t
defined and it is a germ of a space. One has

O

Xgyx X,x (f* . t)' (DX .
’ ’



