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Preface

This manual contains answers and solutions to roughly three quarters of the exercises in Logic and Discrete
Mathematics: A Concise Introduction by Willem Conradie and Valentin Goranko. Most solutions are worked out
in full detail. In deciding which solutions to include we were guided by two principles: fundamental exercises
were given preference above the more esoteric ones intended mainly for enrichment; where a number of very
similar exercises occur in succession, complete solutions were given for a few while the others were omitted
or provided with answers only. We trust that these solutions will be a very valuable resource to students and
instructors using Logic and Discrete Mathematics.






About the Companion Website

This book is accompanied by a companion website:
www.wiley.com/go/conradie/logic
The website includes:

e Lecture Slides
e Quizzes


http://www.wiley.com/go/conradie/logic

Preliminaries

(la) A = {-1,4}
(1b) B={-5, -3, - 3,1}

(Ic) C={=3, -2, -1,0,1,2}
(2a) B={xeR|x*~3=0}

1.1. Sets

(1d) D = {-1}

(le) E = {-3, —2,0,1,2}
(1f) F={1,3,5,7,9)}

(2b) A ={x|x =2k, where ke Z and 1<k <4}

(2c) A= {x|x =2k, where ke zZ*}
2d) A={x|x=3k+2, where k€ Z}
(2e) A= {x|x=n® where n €N}
2f) B={xezZ|-3<x<6}

2g) B={xeZ|x<-3Vvx2>5}
(3) Only a,d e, g, h and j are true.
(5a) ANB = {2,7)

(5b) AuB=1{0,1,2,4,5,6,7,9}

(5¢) A—B={1,4)

(5d) B—A ={0,5,6,9}

(5¢) A—(A-B)={2,7)

(5) B—(A-B)=B

(6a) AnB = {0}

(6b) AuB={0,A}

(6c) B—A={A}

(6d) An(BuUC)={0}

(4) Only a, g, j and 1 are true.
(5g) B'={1,3,4,8}
(5h) (AnB) =1{0,1,3,4,5,6,8,9}
(i) AnB' = (1,4}

(5)) (AUBY = (3,8)
(5k) (AUBY —=(B—A) =@

(6e) (BUC)—A = {A {0}, {A}}
(6) ANB)UANC) = {0}
(6g) (C—B)—A={{0}, {A}}
(6h) An(C-A) =0
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(7) AxB=1{(1,0),(1,1),(2,0),(2,1),(3,0),(3,1), (4,0), (4, 1)}
BxA=1{(01),(@1,1),(0,2),(1,2),(0,3),(1,3),(0,4),(1,4)}

(8a) 30 (8c) 5 (8e) 42
(8b) 0 (8d) 0 (8f) 1
(9) Only a and e are graphs of functions.
(10) The right-to-left direction is obvious. For the converse direction, assume (a,,a,) = (b;, b,). Then
{{a1}, {ay, 0,3} = {{b,}, {by, b, }}. Hence,
(e}, {ay, a,0} = (\{{Dy), (by, by},

and so {a,} = {b,}. This means that a; = b,. Similarly,

Utta) (e, a00) = Uity ), {0y, 5,13,
which gives {a,,a,} = {b;, b,}. Thus, since a, = b, a, = b,.

(11) Given the objects a,, a,, ..., a,, the ordered n-tuple (a,, a,, ..., a,) is defined by

(ay, @y, ..., (a,_4,a,))).

1.2. Basics of logical connectives and expressions

(1) a, b, e, f, and h are propositions.
2a) AABVO)=TACTVE) =TAFEVE)=TAF=F
) C>A->D)=F->(T->F=F->F=T

(3a) Denote “The sun is hot.” by p, “The earth is larger than Jupiter.” by g, and “There is life on Jupiter.”
by r. Then the composite proposition in symbolic form is p A (g — ). It is true.

(38b) Denote “The sun rotates around the earth.” by p, “The earth rotates around the moon.” by g and “The
sun rotates around the moon.” by r. Then the composite proposition in symbolic formispv g — r. It
is true.

(3c) Denote “The moon rotates around the earth.” by p, “The sun rotates around the earth.” by g and “The
earth rotates around the moon.” by r. Then the composite proposition in symbolic form is =g A =r —
-p. It is false.

(3d) Denote “The earth rotates around itself.” by p, “The sun rotates around the earth.” by g and “The moon
rotates around the earth.” by r. Then the composite proposition in symbolic form is p — g Vv -r. It is
false.

(3e) Denote “The earth rotates around itself.” by p, “The sun rotates around itself.” by g and “The moon
rotates around itself.” by r. Then the composite proposition in symbolic formis p < (=g Vv =r). Itis true.

(4a) Since B is true and B — A must be true, A must be true.
(4b) Since B is false and A — B must be true, A must be false.
(4c) B is false since —B is true. Hence, since A vV B must be true, A is true.

(4d) =C must be false, and since =B — —C is true, =B must be false, i.e. B is true. Hence, since B — —A is
true, —A is true and so A is false.

(4e) Since =C A B is true, B and —C are true. Hence, C is false. Since =(A v C) — C is true and C is false,
—(A v Q) is false, i.e. A v C is true. Therefore, since C is false, A must be true.

(5a) Not every number is different from 0. True in R and N

(5b) Every number is less than or equal to its cube. False in R, take x = —2. True in V.
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(5¢) Every number equal to its square is positive. False in R and WV, take x = 0.

(5d) There is a negative number equal to its square. False in both R and N'. The square of any number is
always positive.

(5e) Any positive number is less than its square. False in both R and N, take x = 1.
(5f) Every number is either zero or it is not equal to twice itself. True in R and N'.
(5g) For every pair of numbers x and y, one of them is less than the other. False in R and WV, take x = y.

(5h) Every number is greater than the square of some number. False in R and N, as 0 is not greater than
any square.

(6i) For every number x, there is a number y that is either positive or whose square is less than x. True in
R and M.

(5)) Every non-negative number is the square of a positive number. False in R and W/, as 0 is not equal to
the square of any positive number.

(5k) For every number x, there is a number y such that if x is greater than y, then it is also greater than the
square of y. True in R and WN. Given x, take y = x, which makes the antecedent false and hence the
implication true.

(51) For every number x, there is a number y such that, if it is different from x, then its square is less than

x. True in R and N Given ¥, take y = x, which makes the antecedent false and hence the implication
true.

(5m) There is number greater than all numbers. False in R and V.
(5n) There is a number x such that adding any number to it again yields x. False in R and V.
(50) There is a number x that can be added to any number y to obtain y again. True in R and W, take x = 0.

(5p) There is a number such that every number is either less than it or less than its additive inverse. False
in R. It is not a formula in the language L ;.

(5q) There is a number x that is greater than or not greater than any given number y. True in R and V.

(6r) There is a number such that the square of every number greater than it is also greater than it. True in
R and WV, take, for example, x = 0.

(6s) There is a number such that the square of every number less than it is also less than it. False in R,
while it is true in NV, take x = 0.

(5t) There exist two numbers whose sum is equal to their product. True in R and N, take x =y = 0.

(5u) Between any two distinct numbers, there is another number. True in R, while it is false in V.

1.3.  Mathematical induction
(1) For n =0, 0> + 0 = 0, which is clearly even. Our inductive hypothesis is that k* + k is even. Now, for
n=k+1,
k+12+k+1=kK+2k+1+k+1=kK+k+2(k+1).

However, we know that k* + k is even from the inductive hypothesis and, furthermore, 2(k + 1) is also
clearly even. Therefore, since the sum of two even numbers is even, k* + k is even.

(2) Forn = 4,2* =16 and 4! = 24, so, clearly, 2* < 4!. Our inductive hypothesis is that 2k < k! for some k > 4.
Now, forn=k+1,

24 =2 .2k 2kl <5k <(k+1)-kl =(k+ 1)

3
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(3) First, the set {1} has two subsets, namely {1} and @, so, clearly, the power set of {1} has 2! elements.
Our inductive hypothesis is that the power set of {1,2,3,...,k} has 2¢ elements for some k > 1. Now,
let A=1{1,2,...,k, k+1}. Choose an element a € A and set A’ = A — {a}. Note that P(A)={XCA|
a¢ X}U{X CA|ae X} Itis clear that these sets are disjoint, so to find the number of elements in
P(A), we need only find the number of the elements in each of these sets and add them together. First,
clearly, P(A') = {X C A|a ¢ X}, and so, since A’ has k elements, {X C A | a € X} has 2* elements by
the inductive hypothesis. Next, note that X = YU {a} for all X € {XC A |a € X}, where Y € P(A").
Since there are k elements in the set A’, there are 2¥ such Y by the inductive hypothesis. Hence, the set
{X C A |a e X} has 2F elements. Thus, in total, P(A) has 2k + 2F = 2. 2F = 2K+1 elements.
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Sets, Relations, Orders

2.1. Set inclusions and equalities

To keep the solutions as clear and concise as possible, we will make use of the logical notation introduced in
Section 1.2. We will also be making use of the logical constant T, which always takes the truth value “true”,
and the logical constant L, which always takes the truth value “false”.

(layxeAnA (Ic) xeAn(BNCO)
S rxeAAxeA < xeAArxeBnC
—SxeA < xeAANxeBAxe()
(Ib) xe AnB — x€AAxeBAxeC
esxcAAxeEDB < xeAnBAaxeC
e rxeBAxEA < xeAnBnC
< xeBnNA

(1d) Letx € AnB. Then x € A and x € B, which means that AnNBC Aand AnB C B.

(le) Assume A C B. First, the left-to-right inclusion follows from 1(d). For the other inclusion, let x € A.
However, since A C B, x € B. Hence, x € A n B. For the converse direction, assume A ¢ B. Then there
is some x such that x € A but x € B. Hence, x € A but x ¢ A n B, which means that A # AnB.

() xcAUA (Ih) xe AuBUC)
< xeAvxeA <~ xeAvxeBuC
—xeA < xeAvxeBvxe(
(1g) xe AUB — xeAvxeBvxeC
e xeAvxeB <~ xeAuBvxeC
< yeBvxeA s xe(@AuBuc

< xeBUA
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(1i) For the sake of a contradiction, assume A ¢ AUBorB ¢ AUB.If A ¢ AU B, then there is some x such
thatx € Abutx ¢ AUB; x ¢ AU Bimplies that x ¢ A and x ¢ B, which contradicts the fact that x € A.
On the other hand, if B € A U B, then there is some x such that x € B but x ¢ AU B. Hence, x ¢ A and
x ¢ B, which again is a contradiction.

(1j) Assume A C Bandletx € AUB.Thenx € Aorx € B.If x € B, we are done. On the other hand, ifx € A,
then x € Bsince A C B. Hence, A U B C B. For the other inclusion, let x € B; then, clearly, x € A U B. For
the converse, assume A U B = Band let x € A. We have to show thatx € B. However, x € A implies that
x € AU B. Hence, since AUB =B, x € B.

(1k) Assume A C Xand BC X,andletx € AUB.Thenx € Aorx € B.Ifx € A, thenx € X since A C X and,
similiarly, if x € B, then x € X since B C X. Hence, in both cases, x € X, which means that AUB C X.

(2a) For the sake of a contradiction, assume @ — A # @. Then@ — A € @ or @ £ @ — A. However, since @ is
a subset of any set, @ — A € @. This means that there is some x such that x € @ — A but x ¢ @. Hence,
x € @ and x ¢ A. This is a contradiction since @ has no elements.

(2b) For the right-to-left inclusion, let x € A. However, @ has no elements, so x ¢ @. Hence, x € A — @. For
the left-to-right inclusion, suppose A — @ € A. Then there is some x such that x € A — @ but x ¢ A;
x € A — @ implies that x € A and x ¢ @, which contradicts the fact that x ¢ A.

(2¢) For the sake of a contradiction, assume A — B ¢ A. Then there is some x such thatx € A — Band x ¢ A.
However, x € A — B implies that x € A and x ¢ B, which contradicts the fact that x ¢ A.

(2d) For the left-to-right direction, assume A ¢ B. Then there is some x such that x € A but x ¢ B. However,
this means that x € A — B. Hence, A — B # @. For the converse, assume A — B # @. Then there is some
xin A — B. Hence, x € A but x ¢ B, which means that A ¢ B.

(2e) For the sake of a contradiction, assume (A —B)N (B —A) # @. Then there is some x such that
x€(A-B)n(B—-A). Hence, x € A—B and x € B — A. This means that x € A while x ¢ B and x € B
while x ¢ A, which is a contradiction.

2fyxe(A-B)UB
<~ xeA-BvxeB
< (xeAAXxEB)VXxEB)
< xeAvxeBA(—xeBvxeEB)
— (xe€AVXEBAT
< xeAVxeB
< xeAUB

(2g) xe A-(ANB)
<xeAA—xeANB
S xeAA(xeAAx€EB)
—xeAA(xeAv-xeB)
S xeAANxeEAV(XEAANXEDB)
< lvxeA-B
<~ xeA-B

2h) xe A-(BNnC)
—xeAAxeBnC
—xeAAr-(xeBAxe()
—xeAA(—xeBvixe()
S xeAAxeEB)VxeAAxe ()
<~ xeA-BvxeA-C
—xe(A-BuA-0
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i) xe (A-B)uB-A)UANB)
< xeA-BvxeB-AvxeAnB
S xeAANxeEB)VxeBAx€eA)V(xeEAAXEB)
— (xeAANx€eB)VExeAAxEB)V(xeEBAXxEA)
S xeAAN(xeBvxeB)vixeBAxeEA)
S XeAANT)VxeEBAx€EA)
< xeAvxeBAwxeA
S xeAvxeBAxeAVixeA
< x€eAVXEBAT
< (xeAvxeB)
< xeAUB
(2)) x€e AuBNnC)
< xeAvxeBnC
S xeAvixeBaxe(O)
< xeAvxeBAxeAvxel)
< xeAUuBAxeAuC
—xe(AuB)n(AuO)
(2k) ACAUB,so,by1(d),An(AuUB) = A.
(2) AnB C A, s0,by 1(i), AU (AN B) = A.
(3a) Assume A C Band let X € P(A). Then X C A. However, A C B, so X C B, which means that X € P(B).

(3b) Assume A € P(X) and B € P(X). Then A C X and B C X. To show that A n B € P(X), we have to show
that An B C X. To see this, let x € AnB. Then x € A and x € B. However, AC Xand BC X,so x € X,
which proves that A n B C X. The fact that A U B € P(X) follows from 1(k). To show that A — B € P(X),
letx € A—B.Thenx € Aand x ¢ B. However, since A C X, x € X, and so A — B C X, which proves that
A — B e P(X). Finally, by 2(c), X —A € X, 50 X — A € P(X).

(4a) (x,y) e(BUC)x A
< xeBUCAyeA
<= (xeBvxe(OAyeA
= xeBAyeAvixeCAyeA
S xyeEBXAVxy) eCxA
= (x,y) e BXxA)U(CxA

(4b) (x,y) e AX(BNC)
< xeAAyeBnC
=S xeAANyeBAye()
S xeAAxeAANYEBAyeO)
S xeArNxeAAyeBAyeC
S xeAAyeBAxeArye)
S XY eAXBAXYy) EAXO)
S Xy eAXBNAXO)

(4c) x,y) e(BNO)x A
< xeBnNCAyeA
S xeBAxeO)AyeA
S xeBAxeOAyeAAyeA)
< xeBAxeCAyeAAyeA
S xeBAYyeAAKXxeCAYyEA
= (x,y)) EBXAANKxyY)eCxA
= (x,y) e(BxANCxA

7
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(4d) (x,y) € (AxB)-(AxC)
S xyYeAXBA-(x,y) EAXC
=S xeAANyeBA-(xeArye()
S xeAANyeBA(xeAVvyel)
S xeAryeBAxeA)vixeAryeBAy ()
= lvxeAAryeBa-ye()
xeAAyeBAyeC
S xeAAryeB-0)
= x,yeAxB-0)

2.2. Functions

(1a) gf is the function from Z to R given by x x3/27, and, furthermore, dom(gf) = Z rng(gf) =
{ 'g—; |mez }
(1b) gh is the function from R? to R given by (x, ) = (x X )%, and, furthermore, dom(gh) = R? rng(gh) is the
set of non-negative real numbers.
(1c) No, fg is not defined.
(1d) No, h is binary, not unary.
(1e) No, g has range R, while f has domain Z.
(2a) () = 5* (20) fy0) = 2
(2b) fL(x) =% —x (2d) fix)=x+2
(3) Letf: R* — Rand g: R — R, where f(x) = y/x and g(x) = 22.
(4) Letf: R* - Rand g¢: R — R*, where f(x) = \/E and g(x) = x%.

(5a) cod(h) =R (5d) f and h are surjective.

(5b) mg(f) = R (5e) f is the only bijective function.
rng(g) = R* (6a) The fixed points of sq are 0 and 1.
mg(h) =R (6b) f(x) =x +1

(5¢) f and g are injective. (6¢) abs has infinitely many fixed points.

(7) Letf: A — B and assume f is bijective. Then f has an inverse f~! which is also bijective by Proposition
4.2.11. Hence, f~! has an inverse (f~')~1. Now, leta € A. Then (f"")"'(a) = (")) (f " (f(2))) = f(a), where
the second and last steps follow from Definition 4.2.10.

(8a) Letf: A — Band g: B — Cbe surjective mappings and let ¢ € C. To show that gf is surjective, we have to
find some a € A such that gf(a) = c. However, since g is surjective, there is some b € B such that g(b) = c.
Similarly, since f is surjective, there is some a € A such that f(a) = b. Hence, g(f(a)) = ¢, as desired.

(8b) Let f: A — B and g: B — C, and assume that gf is injective. Now, suppose f(a,) = f(a,). Then g(f(a,)) =
g(f(a,)). Hence, by definition, gf(a,) = gf(a,). However, gf is injective, so a, = a,, and we are done.

(9) Leth: A — B, g: B— Cand f: C — D. Then f(gh)(a@) = f(gh(@)) = f(g(h(@))) = fg(h(a)) = (fg)h(a).

(10) Let f: A = B. To prove the left-to-right direction, assume f is surjective, and consider the mappings g;:
B — Cand g,: B — C. Furthermore, suppose g,f = g,f. We have to show that g, = g,. Now, let b € B.
Since f is surjective, there is some a € A such that f(a) = b. Hence,

$100) = &1 (f(@) = &1f(a) = g.f(a) = §,(f(@)) = g, (D).

For the converse, suppose f is not surjective. Then there is some b € B such that, for alla € A, f(a) # b.
We have to find two mappings g, and g, such that g,f = g,f but g, #¢,. Letg;: B— Band g,: B— B
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such that g,(b') =V’ for all b’ € B, and g,(') =V’ for all b’ € B — {b} but g,(b) = f(a,) for an arbitrary
fixed element a, € A. Then

sf @ =g,(f@) =f@a) = &,(f@) = &,f (@),
while g, (b) = b # f(a,) = g,(b), and we are done.

2.3. Binary relations and operations on them

(1) dom(ParentOf) is the set of all humans who have children, while rng(ParentOf) is the set of all humans.
dom(IsMArriedTo) and rng(IsMarriedTo) are the set of all married humans.
dom(OwnsDog) is the set of all humans owning a dog, while rng(OwnsDog) is the set of all dogs
owned by some human.
dom(IsCitizenOf) is the set of all humans who are citizens of some country, while rng(IsCitizenOf) are
the set all countries.
dom(IsMemberOf) is the set of all humans who are member of some club, while rng(IsMemberOf) is
the set of all clubs that have at least one member.

(2a) {4,6,8,10,...} U {10,15,20,25,..} (2c) (xeZ | x>13}

(b) {2,3,4,5,6} d) {x € Z | x <302}

(3a) The set of all Dachshunds owned by citizens of European countries.

(8b) The set of all Scotish Terriers owned by the children of members of the Rotary Club.
(3c) The set of all Scotish Terriers owned by parents of members of the Rotary Club.

(3d) The set of all those humans who have a parent who is a citizen of a European country and a parent
who is a citizen of an African country.

(3e) The set of parents whose children are citizens of both African and European countries.
(3f) The set of all sons of members of the Rotary Club.
(3g) The set of all mothers of members of the Rotary Club.

(4a) R, NRy:
b
) / \C
f d
\e /
(4b) R, UR,:
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