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On homomorphisms of planar signed graphs to signed
projective cubes 271

1 Preliminaries . . . . . . . . . . . . . . . . . . . . . . . 271

2 An extension of the Four-Color Theorem . . . . . . . . . 274

References . . . . . . . . . . . . . . . . . . . . . . . . . . . . 275

Gábor Korchmáros
Classification of k-nets embedded in a plane 277

1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . 277

2 k-nets embedded in PG(2,K) . . . . . . . . . . . . . . 277

3 3-nets embedded in PG(2,K) . . . . . . . . . . . . . . 278

References . . . . . . . . . . . . . . . . . . . . . . . . . . . . 280

Clemens Huemer and Anna de Mier
An improved lower bound on the maximum number
of non-crossing spanning trees 283

1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . 283

2 The lower bound . . . . . . . . . . . . . . . . . . . . . 284

3 Non-crossing forests of points in convex position . . . . 287

4 The upper bound . . . . . . . . . . . . . . . . . . . . . 289

References . . . . . . . . . . . . . . . . . . . . . . . . . . . . 289

Cristina G. Fernandes, Tina Janne Schmidt and Anusch Taraz
On the structure of graphs with large minimum bisection 291

1 Introduction and results . . . . . . . . . . . . . . . . . . 291

2 Trees . . . . . . . . . . . . . . . . . . . . . . . . . . . . 293

3 Planar graphs . . . . . . . . . . . . . . . . . . . . . . . 294

4 Concluding remarks and open questions . . . . . . . . . 295

References . . . . . . . . . . . . . . . . . . . . . . . . . . . . 295



xiii

Colorings 297
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The circular chromatic index of k-regular graphs 333
1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . 333
2 k-Regular graphs with χ ′c = k + a/p . . . . . . . . . . . 334
References . . . . . . . . . . . . . . . . . . . . . . . . . . . . 338



xiv

Carl Georg Heise, Konstantinos Panagiotou, Oleg Pikhurko
and Anusch Taraz
Coloring d-Embeddable k-Uniform Hypergraphs 339
References . . . . . . . . . . . . . . . . . . . . . . . . . . . . 343

Reza Naserasr, Edita Rollová and Éric Sopena
Homomorphisms of signed bipartite graphs 345
1 Homomorphisms . . . . . . . . . . . . . . . . . . . . . 345
2 Minors . . . . . . . . . . . . . . . . . . . . . . . . . . . 346
3 Hadwiger’s conjecture for signed bipartite graphs . . . . 347
References . . . . . . . . . . . . . . . . . . . . . . . . . . . . 349

Games 351

Tobias Müller and Miloš Stojakovi ’c
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Béla Bollobás
Stefan Felsner
Jacob Fox
Anna Galluccio
Jarek Grytczuk
Ervin Györi
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A problem of Erdó́s and Sós on 3-graphs

Roman Glebov1, Daniel Král’2 and Jan Volec3

Abstract. We show that for every ε > 0 there exist δ > 0 and n0 ∈ N such
that every 3-uniform hypergraph on n ≥ n0 vertices with the property that every

k-vertex subset, where k ≥ δn, induces at least
(
1
4 + ε

) (k
3
)
edges, contains K−4

as a subgraph, where K−4 is the 3-uniform hypergraph on 4 vertices with 3 edges.
This question was originally raised by Erdős and Sós. The constant 1/4 is the best
possible.

1 Introduction

One of the most influential results in the extremal graph theory is the cele-
brated theorem of Turán [14] that determines the largest possible number
of edges in an n-vertex graph without a complete subgraph of a given
size. Erdős, Simonovits, and Stone [5,7] generalized Turán’s theorem by
showing that the extremal number of an arbitrary graph F , defined as

ex(n,F) :=max{|E(G)| :G is a graph on n vertices with no copy of F},
is asymptotically determined by its chromatic number. Specifically, for
every graph F with at least one edge,

ex(n, F) =
(
χ(F)− 2
χ(F)− 1 + o(1)

)(
n

2

)
.
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Note that this problem is dual to determining the minimum number of
edges m(F) that guarantees an n-vertex graph G with at least m(n, F)
edges to contain a copy of F , since m(n, F) = ex(n, F)+ 1.
In Ramsey-Turán type problems, which were introduced by Sós in [13],

we are again interested in the largest possible number of edges of an n-
vertex graph without a copy of F , but under the additional restriction that
the graph has to be somewhat “far” from the Turán graph. Typically, such
a restriction is expressed by requiring that the graph has only sublinear
independence number. For more details on Ramsey-Turán theory, see the
survey by Simonovits and Sós [12].
In our problem, we are dealing with an even stronger restriction; we

require every linear-size subset of vertices not only to induce at least one
edge, but actually to induce a positive proportion of all possible edges.
We define the δ-linear density of a graph G to be the smallest density
induced on an δ-fraction of vertices, i.e.,

d(G, δ) := min
{
|E(G[A])|(|A|

2

) : A ⊆ V (G), |A| ≥ δ|V (G)|
}
.

Note that for any graph G the function d(G, δ) is a non-decreasing func-
tion of δ taking values in [0, 1].
However, requiring a positive δ-linear density immediately forces large

graphs to behave similarly to random graphs in the sense that they con-
tain every given graph as a subgraph, which follows, e.g., from [11, The-
orem 1].

Observation 1.1. For every ε > 0 and a fixed graph F , there exist δ > 0
and n0 ∈ N such that every graph G on at least n0 vertices with d(G, δ) ≥
ε contains F as an subgraph.

The notion of the δ-linear density has a natural generalization to a k-
uniform hypergraph H , where we define

d(H, δ) := min
{
|E(Hn[A])|(|A|

k

) : A ⊆ V (H), |A| ≥ δ|V (H)|
}
.

We now focus on 3-uniform hypergraphs. Let K4 be the complete hyper-
graph on 4 vertices, and K−4 the hypergraph on 4 vertices with 3 edges.
Erdős and Sós [6, Problem 5] asked whether, analogously to Observa-
tion 1.1 for graphs, a sufficiently large hypergraph with positive δ-linear
density contains a copy of K4, or at least a copy of K

−
4 . However, Füredi

observed that the following construction of Erdős and Hajnal [4] shows
that the situation in 3-uniform hypergraphs is completely different (hence
giving a negative answer to the question above).
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Example 1.2. Consider a random tournament Tn on n vertices. Let Hn

be the 3-uniform hypergraph on the same vertex set consisting of exactly
those triples that span an oriented cycle in Tn .

One can check that in every hypergraph obtained in this way, any four
vertices span at most two edges, i.e., Hn does not contain K

−
4 for every

n. On the other hand, for every δ > 0, the δ-linear density of Hn tends to
1/4 when n goes to infinity. Additional information about this problem
and its history can be found in [12, Section 5]. It is also worth noting
that in [11], Rödl presented a sequence of K4-free (but not K

−
4 -free) 3-

uniform hypergraphs with δ-linear density tending to 1/2.
Our main result is the following theorem stating that the bound 1/4 on

δ-linear density for K−4 -free sequences is in fact the best possible, which
answers the explicit question of Erdős [3] positively.

Theorem 1.3. For every ε > 0 there exist δ > 0 and n0 ∈ N such that
every 3-uniform hypergraph H on at least n0 vertices with d(H, δ) ≥
1/4+ ε contains K−4 as a subgraph.

2 Sketch of the proof

Suppose that Theorem 1.3 were false, then the following would be true.

There exists ε > 0 and a sequence (Hn)n∈N of K−4 -free hypergraphs
with order tending to infinity such that d(Hn, 1/n) ≥ 1

4 + ε.
(�)

We say that a sequence of 3-uniform hypergraphs (Hn)n∈N is convergent
if for every fixed hypergraph F the probabilities p(F, Hn) that random
|F | vertices of V (Hn) induce a copy of F converge. We refer to p(F, Hn)

as to the induced density of F in Hn . By a standard compactness argu-
ment, every sequence of hypergraphs have a convergent subsequence.
Therefore, we may assume that the sequence given in (�) is convergent.
Our aim is to show that the edge density of the sequence given in (�)

must tend to zero, which would contradict having positive δ-linear den-
sity.
The main tool used for the proof of Theorem 1.3 is the framework of

flag algebras. The framework was introduced by Razborov [10], who was
inspired by the theory of dense graph limits from Borgs et al. [1, 2] and
Lovász and Szegedy [9]. However, unlike just applying the standard flag
algebra approach, in order to prove Theorem 1.3 we need to find a way
of expressing the δ-linear density condition in this framework. Instead
of using the assumption on δ-linear density itself, we establish a certain
type of inequalities that are valid for any convergent sequence of K−4 -free
hypergraphs (Hn) such that d (Hn, f (n)) ≥ 1/4, where f (n) → 0. Let
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us be more specific about that. Fix a K−4 -free hypergraph F , and consider
an arbitrary K−4 -free superhypergraph F

′ of F on |F | + 1 vertices. For
any such a choice of a pair (F, F ′), we obtain one inequality as follows.
Let S be a fixed copy of F in Hn , and let U(S) be the set of vertices
v of V (Hn) \ V (S) such that S ∪ {v} induces F ′ in Hn . Let T be now
three random vertices from Hn not contained in S. The following two
outcomes are possible:

• If the size ofU(S) is small, i.e., o (|V (Hn)|), then both the probability
that T is a subset of U(S) and the probability that T is a subset of
U(S) and spans an edge in Hn , are o(1).

• If the size of U(S) is large, i.e., �(|V (Hn)|), then, by the assumption
on the δ-linear density, the probability that T ⊆ U(S) and span an
edge is at least quarter of the probability that T ⊆ U(S).

Therefore, we get that the following holds for every choice of S

4 · P[T ⊆ U(S) ∧ T ∈ E(Hn)] − P[T ⊆ U(S)] ≥ −o(1). (2.1)

Note that the little o goes to zero with n tending to infinity. The sought
inequality corresponding to the pair (F, F ′) is then obtained by taking the
expectation of (2.1), where the randomness comes from picking a copy S
of F in Hn . This expectation can be expressed using the language of flag
algebras.
It turned out, that for the proof of Theorem 1.3, it is enough to consider

the inequalities for the pairs (F2, F03 ) and (F2, F
1
3 ), where F2 is the only

2-vertex 3-uniform hypergraph, F03 is the empty 3-vertex hypergraph, and
F13 is the 3-vertex hypergraph with one edge.
Recall that our aim is to show that edge density of the sequence given

in (�) tends to zero. Unfortunately, we do not know how to apply flag
algebras directly to derive this claim. Instead, we use them only to show
that induced density of F5 tends to zero, where F5 is the 5-vertex hyper-
graph in Figure 2.1.

Figure 2.1. The hypergraph F5.

To cope with this, we sparsify each hypergraph Hn given in (�), i.e., we
remove each edge of Hn independently with a sufficiently small but fixed
positive probability, say ε/2. Therefore, we obtain a new sequence of


