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Introduction

The convalution operators on the euclidean spaces are only a particular
case of convelution operators on arbitrary Lie groups. Pseudo~differential
operators are roughly speaking convolution operators with variable coef-
ficients. In classical theory of such operators it is important to have
standard dilations on a euclidean space. So we pay attention only to Lie
groups with dilation i. e. with 1.dimensional group of automorphisms
converging to infinity when real parameter increases to infinity,.

It is well known that all Lie groups with dilations are nilpotent.

In this seminar I consider only Heisenberg Groups. These groups are
the simplest non-abelian nilpotent groups, They appear in Complex Analy
sis and such operators on strictly pseudoconvex boundaries as J. Kohn
sub-Laplacian, induced Cauchy-Riemann operators, singular integral
operators of Cauchy-Henkintype can be locally considered as convolution
operators wtih variable coefficients on Heisenberg groups. The characte
ristic feature of all these operators is an anisotropy of their singulatities
tight with complex tangent directions. Actually this is a contact structu-
re. Generally a contact structure is given on 2n+1 -manifold by 1-form
w such that the (2n+1) ~form wAd.OUA ... . AduwW % 0

If 2 strictly pseudoconvex boundary is defined by real function f with



d-f + 0 then we may take w= -;1-— { 'Df -2? ). By D-arboux theorem
Heisenberg groups are local models for any contact manifolds,

I construct a theory of pseudo-differential operators wirich belong to the
contact structure as classical pseudo-differential operators belong to the
smooth structurey

It is impossible to derive a theory of pseudo-differential operators
without an elliptic accompaniment. I introduce a kind of ellipticity which

as I hope can elucidate some striking analogies between non-elliptic
in usual sense z-complex and elliptic complexes.

Note that the problem of pseudo-differential operators on homogeneous
Lie groups was put forward by E. Stein at the Nice congress (cf /4/).

Our results were mainly announced in /2/ and /3/. Here we exposed

them in more precise form.

1 Heisenberg Lie groups and algebras

Heisenberg algebra Hn , n>0, can be obtain from the standard

-+
euclidean space &Zn 1 if we supply it with such commutators:

+
if x = (xo, xl, x ){II{zn 1 where x € R . Xl, e R"

g, = (1; 0, 0,)€ R ™1 then

1 1n i1 1
[xv] =4 (K<xy > - <x.y>)%,
This Heisenberg algebra.is a Lie algebra of the step 2 all [x,[,y, zﬂare

zero. Let (H“be a corresponding simply-connected Lie group. As mani

2n+1 e
fold it is identified with R>"" "; the miltiplication is

Xn¥= (xo,‘, yu+ 2{< x', y't> -(X", ¥y}, x'+ ¥y, XU+ ¥

Therefore O serves as unit and x-l = - x The group {Hﬁ is called the

Heisenberg group .



The identity mapping x +~) x coincides with the exponential
exp: H ~» lHn

There are dilations

S X = (tzx ) txl, txn) , t > 0,
t o}

<+
t1 t2 1

in the Heisenberg group ’Hn . Of course S =St St and
2
the St are automorphisms of the Lie structures in Hn and Hn'

Let s( lHn) , 8" ( Hn) be corresponding spaces on R,2n+1.
The operators of the left and of the right shifts by elements y ¢ IH

n

-1
L)t x e 377 5 %, R(y) : x ~p x %7y, x€ M,

are continuous in this spaces. Moreover the Lebesgue measure is bilateral
ly invariant on the IHn
We may identify the Heisenberg algebra Hn with the Lie algebra of

left-invariant 1-st order differential operators. Pick out generators of

the complexification of this algebra

1 9 v u 9
X = = g | X = — - 2X
o i 9 X, j i ( ? ; x] ? xo)
b}
Xl.i = -1- { L + 2x, 2 ) , 3 =1 , n
] 1 3x5' I %

Adopt the notation

1 ! ’ ’ r %
X = (Xl’ ....,Xn) , X = (X, .... X ) X= (}\o,X,X )

The contact structure on the lHn is defined by a left-invariant 1-form

w(x) = 0{.x0+ 2 <x', dx") - 2 x" ,dx')
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3. H. Weyl quantization.

The modern theory of pseudo-differential operators took its shape in the
sixties however we can find its origin as early as in the beginning of the
- thirties: there was a problem of quantization in the Quantum Mechanics and
H. Weyl gave a general solution. The problem is to construct of non-cum
muting operators of multiplication:
N
X:w M~ oaxw 5 ox=(x,%,-,x%,)

and of differentiation

2 x
This operators generate a 2-step Lie subalgebra Wn in the Lie algebra

n 3 /9 2.
f:MH '1 D\u,/ 5::[2—,")"') ?‘n}

b
: 1( 4 R ) ) of all continmuwous linear operators in the 4(Rn),

Let \Wm be the symple-connected Lie group of this Wn . 'Then the U/V_”
can be realized as a Lie group of continuous linear operators i the

"
d (R ). We have the exponential map exp : VVn HWn

Therefore fora f ej( [R_ Zn ) we can define an operator

X, p
A ”~
X, p )=

£

(%)
@ )" j’f' (F,7 ) exp i[(?}é‘}-;-(mﬁ)]dfdsl

where r~ | i[<x§>+<p.")>]

Pigm)= [ Lx, p) o dy

is the Fourier transform. The expression (#¢) is similar to the inverse
~

Fourier transform of the IF (§"l) .

Let us justify this definition.
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"
It is easy to see that the integral (a) converges in the space Z (5 (IR }}
under the strong topology and actually is an integril operator with the

Schwartz kernel

x+3
:KF( 9)s (muf (L8, >f (§,y-x4f.

We can rewrite this formula as follows

. :Kf (x.9) = p-vy x 7{ [X+J )’)

where(} is the inverse Fourier transformation (from the p to the z)
2?2

!
In this form the definition of)c for-every f G 4 ( ,RZn ) is valid. If
fe S ) then f (x, p) is a continuous operator from 4 R n) to /SI(R’.)
It fc/S An ) then t (%,F) is a continuous operators from4 Rm 73
x,p P , perators from4 (R ) tof(R)

Chose moderate operators (c¢f /5/): Let me€ R . Take (cf. CS])
W™ (R") =

{feC”(RZ“ ) : Vo{{xezh 3 comstant Co{ﬁ

X, p

such that { 6——)% )e(x ,,)/( C (I+/x/7.//,,) ~le¢] - /ﬁlf

We say that such f are symbols of arder m
let
%Py tew™ (R n)}

A Yot
1 16 WNR ) men £0x,f) - B(R™) > AR"), 4(R")>S(R")

and these operators are called Weyl operators. In particular it is possi-

m
o,w™ - ¢

M * A
ble to take a product of Weyl operators If .f.C OP W JJ )=142,
- tmy J
then there exists a f¢ W "{5 such that
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A A A A
P&, P =15 (P 1, (x, D)
and
1
f (x, p) = (f1 fz) (x, p) + 5 {fpfz} ( x, p} + terms of the lower

order. This a simple consequence of the Hausdorff-Campbell formula
for the product of exponents.
Moreover

”~
X

t ()Y - TP

m n m
Let W o (R ) be the subspace of W ( R_n) whose elements
have the following property: there exists fo€ w™ (R, n) such that
(i) 1‘O(tx,tp) = ¢ fo(x, p)th>lllxl + |pl>1

L (rRY

m-
i f-1f €w
We say that such f are symbols with principal part fo .

An operator f (l);, ?)) € Op Wrz is called elliptic  if fo (x, p) 7‘ 0
for ]x{ + [pl > 1, it is known that the elliptic operators are hypoel -
liptic {(ef /5/). Let E& VV:' be the class of all elliptic operators of
order m. If f (X, ;) GE& W,h then there exists its parametrix 'C[f,;)

c EW Wo-"'

[X\ + lp{>1

-t
with principal part r, (x, p)-= (fo (x, p)) for

L 2
9 8 W
Example: the Hermite operator E=—=—+X € Eﬂ °
Z22pe x

Let

L4 n, _ LAY ) kf2, -
€ (R )-Zrueé(/&); Hell = € ..L[Jg }

[
Then t (R, el W ifandonlyif (X P) is a Fredholm

K A k- L]
operator from ¢ (ﬂ ) to g m (R ) for some and therefore forg
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any) k € R.

4. Pseudo - differential operators on H n

Apply the Weyl quantization for construction of pseudo-differential ope-
rators on lH n

First of all the operators of multiplication by coordinate functions.

2 ux - x%(x) , x = (xo,x',x”)

and left- invariant operators
o
XU X X=(XO,X',X")

generate a 3-step Lie subalgebra in Lie algebra Z[ﬂ (/”,‘)) Treating
this Lie algebra as above enables to define

A
(X, X)) =

(%) (L:)_"—’-’_;z/?(f.’}) exp ‘5[<§:9>"'<*)'Y)]d§d7
2m

enr2
If ff/.j (k /then (%2 ) is an integral operator with the Schwartz

Kernel
- x—+ ,‘1
j&; ( IU ) = ?i:’ - f’(

and we can use it for

f4nel
This formula is valid for every {G 4 (/12 }

l
definition of £ ( x, X )

it e S(RY ) men 1k KA (M) » A )
it {e 4’(R:";‘)then tR 5D A, > 4
Let [y] be a Te- homogeneous function on the IH.,‘

2 1
[y] = ( yi 4+ (yl + y||2) 2) /‘F
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m+!

for anygez+ put I!@’ =Thy +pt - 4/3” .
Detine ¥ (Hy)as

Y7(H,) - {;e C TR Vape 2, et Cug
such that | ( P*’(x a)/fc (1+Ly1)™ [NJ’)

¢h+1

We say that such f are symbols of order m

Let
[P, X): fey™(HI].
Indicate the main formulas of the Symbolic Calculus:
™ PN - . A m
(1) I ;e\f (#n) then f (%, 9% - Ta e 0/,'}’ ;
™ .
(II) Let {an,,y' J[#/,,),'):I,Z,Then there exists f& }"m'*m’(#/a)

such that

&% - &% £, & % €y m1rmet (M, )

and
(f £ w) (x = [fl x %) {,(x, B yw] ) ;

(I11) Assume that f € l/«m (M,, Y has the compact support with respect to x.
Consider a diffeomorfism ¥ of a neighborhood of the support. Assume

that Y conserves the contact form w up to a functional multiplier

(i.e. X is a contact mapping).

Let

Py o=t (% , [dewl®y).

Then
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¥ rEH e Oy

and

m-1
T ER - rE e O Y

The last property permits the standard extension of Or‘f’h to any contact
mangfold M . Thus we have Or 'y‘h(M) with a symbolic Calculus
as above.
™ ”
Now we introduce a subclass % (/f/,,) of ,[6 '7(‘ (/H.,.) such that for
every f there exists a foe\fh(b‘/,,) such that
(i) _fo(x,yt)(} = ['h{(x,X) , Vs, Vixisi.
aw -4, €T (ML)
We say that the symbols { have principal parts fo .

The formula (II) of the Symbolic Calculus shows that in principsal parts
the product of pseudo-differential operators is the product of left-invariant
operators depending on X as a parameter. For study of. such products
it is very convenient to use the Heisenberg-Fourier transform on the ///,;
It is defined by means of the non-degenerate series of unitary represen -
tations of the group. By the Stone -von Neumann theorem they are equiva-
lent to the representations T, depending on non -zero real parameter s

r\r
2, 0N
in the space z (RT} such that

A o .9
Tl'r(x‘,)='441 'i?,“~ ()(,)=2,.‘z" Tl‘l“(x )=2¢ 2_.5:

®r ({e{f(ﬁ',}he Fourier-Heisenberg transform is by definition
Fr[?’) = .anh () pex) ax | [/4.150]

This is an integral operator with Schwartz kernel
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3 - Py [x-*(t'f&))"]
(% %w ) ':K@(”, ) ”:{e it cfb:‘,,xﬁ??-")dx‘dx'
L]

so that
() o A (b)) >4 (Hn)
We see that this formula ( %) is valid for any distribution from ¢ }H\/
so we can extend the definition of Ru to N/ 4,(1‘/,,} .
This leads to a representation of left-invariant operators f[)?}é 0’, 1/;’"

by operators.

v A .8 ™
Ty (X)) = Flr1, 2p7, 2 3 )€ oW, .
Moreover
T lh, GI4,00)) < T (£ %)) 7 (£, (R)
and the principal part of "7.4‘{’( )) is given by means of the principal part

of f (5():

-~ e s 2
(b)), = 4y 023, 205 )
L2 3]
Let foo (X) be the a;-homogeneous function on the m which

coincide with fo (X) far from origin . Consider the operators

w (foo (X)) By Jé -homogenyty we have

""/2.

- -1
A

- LA here V ufr):uw (X
i 7[ X =// V where V ulT)=w (=

/”’[ 00 ( )) r //7:) Sa“f" ﬁf—:‘ ¢ (b}
Therefore there are significant only ot =1 1

- ]

Finally we define a 6’“ -symbol of am operator 7[[1"‘, X)€ 0,, V;

as an operator valued function on the manifold of contact directions

A ~ _ A -9
6.0 X, X)) 5 = I (x 127 205 )
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~ Z _ = o - 9
(f(x,X))-w(x) = foo(x,l_zf,zcﬁ )

™

c
]
o, FE D), € G W

The 6 -symbol reveals usual properties:

@ i £, G’f‘m(”’h):fzeym(”'l"); ) A
o B8 AR ) = C6A)e, (f,62.%))
W & @& %) =6, ¢ (5

L)

then

~ 20 _ . . R A 2 m—-1
(iii) Eh (f (x, X)) = 0 ifandonly if f(x X)e Or"f
(iiii)  the Fh-. -symbol belongs to the contact structure so it can be

~
transfered to wany f (% X)€ O

hte
Examples: Everywhere M is a strongly pseudoconvex boundary in

(a) Let DM be the Kohn sub - Laplacign on the space of (o, q) ~forms.

Then 2
2 ? ~
€ =f~2 +T4+mn-12 ) 1
o, € Optf(:” and 2(DM) (’ar* + 1) "tena
The operator -~ 2_ +T is the energy operator of the harmonic escil

2
lator of Quantum Mechanics. Actually this example has appeared in /4/

and by the way it served an origin of our study.

(b) The induced Cauchy-Riemann operator })M on the (o, q) -forms

belongs to Ol_ 1,'“4 (M) with

— _ _ D A 1
&1 (O, )tb\)(x) ) f.—,tr} T°9

{(c) The Cauchy-Henkin integral can be considered as operators 5 on

[+
M if we take their boundary values; they belong to O,, 7‘ (M)
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and their symbol is

_tYa
orthogonal projector on the linear span of €

&, (S)w(xf
() = zero
—g (%) A -
We say that an operator f (%, X) € 0,_7?‘ is € -elliptic if

(Eu-1) 6. (¢ (% §<)+ ) €Ll Wo%

W (x

A D . . . %]
(Ell-2) The operators G';h(f (x' X )) iu)(x) are invertible in 4[/@7)

Let M be a compact contact manifold. We can introduce a scale of
anisotropic spaces of functions and distributions on M

Sz(M),1<p<do,-oo<k<+oo

of E. Stein (cf: /[4/).
~ o~ M
o1 (% X)e O then 1 ( % %) is bountkd from \S‘z (M)

k-m
to § (M) for any k
P

o~ I
The following properties are equivalent for f (;, X) € OP 1[‘ :

~
a) f (;:\ X) is a @ -elliptic operator.
b) The apriory: estimate

I{ullk-*n < Coust (”)‘(’?.Q)u”“ + ”“I/“.)

-

is valid in Stein norms for a (and therefore for any) ke ”Z' k' < k
Lol -
¢) f(X, X) isa Fredholm operator from S l; (M) to Skpm (M)

for a (and therefore for any) k & R .

Remark
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I give an analytical formula for index of elliptic boundary problems for
scalar differential operator and for some systems of differential operators

of even order in bounded domains with smooth boundaries in euclidean

space.
1. Notation.
x=(x x)eR”, f- (€ £rem)”
IR , TCIEERES 3% ,

17 n

=< H = <, . ... - &
x i «<n x "1 % ol oL

= = = x
D=D " ....D . § fl S N l R EETEE L

The term ''smooth'' always means c®.

et U be an open bounded domain in IRn with smooth boundary Y .
Points of Y are denoted y . Cotangent vectors at y with length 1 are
denoted ’c’y . The (2n-3) - manifold S (Y) of all such t‘y is supplied

with canonical orientation: the manifold T*(Y) of all cotangent vectors

- -1 %
of Y is Rn 1 x( Ik,n 1) locally. Let (yl, e ’yn-l) be any sjstem of

coordinates on (Rn-l and (M,,...., M ) the dual system of coordi-

n-1

nates on (Rn-l)* . Then the orienting (2n-2) - form

Q= (dyll\d'vh) Ao.o.. A (dynl\dn]n) does not depend on the choice of le local

. . . . n-1
coordinates and therefore gives an orientation of (R )" . Now let

-1
~ : T® (Y)9R be the euclidean metric, so that S(Y) =% = (1). Then



the orienting (2n-3)- form w on the S (Y) is defined by its property

deAw=Q

2. Elliptic Boundary Problems.

Let A be a scalar differential operator of order 2 m with smooth
coefficients

ol -
A: w(x)» Z e « (x)D % (x) , WECT (V)
ofl<im ’

Its principal symbol is the function on T*(U) =Ux(R)

&) (x, §) = Z ey

fot] = m

The operator A is assumed elliptic i. e.
- L 2
cA) (x. §) $0, ¥Yxe T, Ffe(R"

Consider ) -polynomial with coefficients from c® (S (Y) of order 3 m

~~

E(A) (Ty,2) = & (5. T +2V )
Y A MY y v
where Vy is the inward unit conormal at 7y.

For each 7 this polynomial has no root with zero ima ginary part.

are
If n>2 therelexactly m roots with positive imaginary part (this is an

easy consequence of the connectivity of S(Y)). If n =2 then we
assume this property especially.
We can factorize the A -polynomial into the product of two polynomials

with smooth coefficients

S (Z,2) = (7,a) 7 (T 2),

where all roots of o‘ (T, )) are in the upper complex A - halfplane

Jl
and all roots of 6'-( Z‘\,,A } are in the lower A - halfplane.
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Consider a boundary problem

a)
- o s o
Bju— gjgj.ec (Y), j=1,...., m

Here Bj are boundary differential operators of order mj with smooth

coefficients
o
B, : u» 2. 6(y)Du./
J It < m,

B,: C®@Wm - c®(v)-

We suppose that the boundary problem satisfies the Shapiro-Lopatinsky
condition of ellipticity which we take in the Agmon-Douglis-Nirenberg
version /1/ (cf. lectures by F. Treves):

Consider ,\-polynomials of degree mj with smooth coeffients on S (Y)
& z (B (y, Ty+ A
& (B)(Ty,0) = €(B) (7, Ly+Ivy) =

= zlaﬂl=’~5 l’ < (Y (z— + A ) 051, ., M,

The Agmon-Douglis-Nirenberg condition is the linear independence of

these polynomials modulo 2 -polynomial < ( 3:,‘,, A) for every 3'\9.

We can represent this condition in an equivalent form, Let 7.’ ( ﬂ )

be the remainder from division of A -polynomial a' (Bj) (ZU' 2 ) by

2 -polynomial et { Ty',‘ )

2) - 4 3,2\)0' PRIERACAFY

are ) -polynomials and the degree of

r
‘9!
where ?j and ZJ' 7;",) ) is less

than m . Let
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m-1 k

‘z'J('r',,A)=Zk=O 'z'kj(zb)) , i=1,....,m

Consider the square ( mxm) - matrix valued function on S (Y)

T(Q) = ()
y

The Agmon-Douglis-Nirenberg condition is obviously equivalent to non -
degeneracy condition

BN det w(@) () #£ 0 Fryesm

3. The Index Formula

As usual the elliptic boundary problem (Cl) leads to a linear conti-

nuous operator

] m

Q= (AB,....B_):C @) =» c® ©x(c®(Y))

m
which is a Fredholm operator and therefore has a finite index
ind Q= dim KerCL - dim coker Q.
(see e.g. /2 /and/ 8 /).
It is known that the index depends only on the symbol
(@) = (o(A), 6(B)), ...., ¢(Bmy))
We express it by means of the T(@Q) which is defined by 6 (Q)

2n-3

n
L (n-2) { Jf 5 [r(@)! a@)]
(27 1) (2n-3) / Sty

(1) ind @ =
The intengrand is the trace of (2n-3)-power of (m xm) -matrix valued

-1
differential 1-formp( Q) dev( Q) in the exterior algebra of matrix

valued differential forms. So we integrate (2n-3)-form over the (oriented )

manifold S (Y).
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In particular the Index Formila shows that if m < n-1 then ind @ = 0
The prof. of (1) -involves a special homotopy of 6 (@ ) in the space

of symbols of elliptic boundary problems for the A with pseudo-differen-

tial boundary operators. (By the way, this is the first place where pseudo-

differential operators of positive order were introduced as early as in
1961: see /4 / and /5 /.)
The homotopy is

~ _ +
E@® (B)(Ty,2) = 1-14;(T,A) & (Ty,A)+T5(7y,4 )

Here Dg t € 1 and

A ~
B =
ooy (B) (F,,3) = 6(B) (7, 2),
N
= -
§1) (B) (74,3 ) 7 (Ty, ).

This homotopy may be covered by homotopy of boundary value problems
( a’ﬁ' ) for the same operator A which all are elliptic AJ T (a,&)=z~[aj
and the condition (ADN) is satisfied (cf. /5/ and lectures by F. Treves),
Stability os Index under homotopies implies
(2) ind &= ind Q_,
The ( 1x(m+1) ~-matrix 0’( 172 1) can be factorized

(3) (&) =e(D) (1 ®t(a)n *

(D)= (e(d), LY, .....»™ 1

is the symbol of the (elliptic ) Dir ¢ chlet problem for the operator A.

We consider 2’(@) as the symbol G'(Ra' ) of a system of pseudo-
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differential operators Ra’ in (Coo (Y))m which is elliptic by (ADN).
(Strictly speaking the RO. is elliptic in the Douglis-Nirenberg sense only,
otherwise we have to modify the Dirichlet problem, cf. /5/ and lectures
by F. Treves.)
Now by algebraic properties of Index the equality (3) iniplies
ol Q, = el D+ inol (1+ Ry )= it D+ e R,

Bat e D=0 (cf. /2/). Therefore (127(2))

ind @ = ind Ry

Finally the Index Formula (1) coincides with the Index Formula discovered
by A. Dynin and B. Fedosov (cf. /6/ } for the elliptic pseudodifferential
system RO. on the manifold without boundary Y . Of course such
formula can be derived from the famous A;ciyah - Singer formula and
actually this was accomplished by the author (Proceedings of the Conferen
ce on the Mathematical Methods in Physics, Dubna, 1964) and by B.Fedo-
sov /6/. Nowadays B. Fedosov /7/ has found a completely analytical

proof of“the formula. Therefore we have an elementary proof of our for-

mula (1).

4. The Index Forrmula for Systems.

Consider now an elliptic (NxN)-systern A of order 2m,

Suppose that we can again factorize its principal symbol

¢”:(A) ('rb')) = 6% (7,,1) s"'[*va,,a) , a&? o= m.

By a theorem of Lopatinsky this factorization exists if and only if the rank

of the (NxmN) -matrix



